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Abstract: In this paper, based on Jumarie type of Riemann-Liouville (R-L) fractional calculus and a new
multiplication of fractional analytic functions, we solve two types of fractional definite integrals of fractional
trigonometric functions. The exact solutions of these two types of fractional definite integrals can be obtained by
using integration by parts for fractional calculus. Moreover, we give some examples to illustrate our results. On the
other hand, our results are generalizations of the classical calculus results.
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I. INTRODUCTION

The calculus founded by Newton and Leibniz is a very important scientific achievement in the history of mathematics.
1
/Zx
?

Fractional calculus was first proposed by the famous mathematician Hospital in 1695. A question is about what is Z 17, 7
X

alx 2
dxl/z - v
time, due to the lack of practical application, fractional calculus has not been widely used. With the development of science
and technology, especially since the 20th century, the theory and application of fractional calculus began to be widely
concerned. Fractional calculus has become a powerful tool to study fractional differential equations and fractional functions,
and has been widely used in the research of physics, electrical engineering, viscoelasticity, control theory, biology,
economics, and other fields [1-14].

After 124 years, Lacroix gave the right answer to this question for the first time that x'/z However, for a long

However, fractional calculus is different from traditional calculus. The definition of fractional derivative is not unique.
Common definitions include Riemann-Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-
Letnikov (G-L) fractional derivative, and Jumarie’s modified R-L fractional derivative [15-19]. Since Jumarie type of R-L
fractional derivative helps to avoid non-zero fractional derivative of constant function, it is easier to use this definition to
connect fractional calculus with traditional calculus.

In this paper, based on Jumarie type of R-L fractional calculus and a new multiplication of fractional analytic functions, we
study the following two a-fractional definite integrals of fractional trigonometric functions:
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ol 1 [(sina(x“))%m],

[P+ Te]®
and
ol® 1 [(cosa(x“))®“m].
[r(a+1)Te]

Where 0 < @ < 1, and m is any positive integer. Using integration by parts for fractional calculus, the exact solutions of
these two types of fractional definite integrals can be obtained. In addition, some examples are provided to illustrate our
results. In fact, our results are generalizations of ordinary calculus results.

Il. PRELIMINARIES
Firstly, we introduce the fractional calculus used in this paper.

Definition 2.1 ([20]): Let 0 < @ <1, and x, be a real number. The Jumarie’s modified Riemann-Liouville (R-L) a-
fractional derivative is defined by

(x DOf(0)] = =L [ [T C) g, )

- I(1-a)dx X0 (x—t)%
And the Jumarie type of Riemann-Liouville a-fractional integral is defined by

GolEF GO = s [ Lzt @

Xo (x—t)1~¢®

where I'( ) is the gamma function.
In the following, some properties of Jumarie type of R-L fractional derivative are introduced.

Proposition 2.2 ([21]): If a, B, x,, ¢ are real numbersand 8 = a > 0, then

(oo D) [Cx = x0)F] = P (e = x0)P 7, 3)

and

(x,D%)[c] = 0. (4)
We introduce the definition of fractional analytic function below.

Definition 2.3 ([22]): If x, x,, and a,, are real numbers for all k, x, € (a,b), and 0 < a < 1. If the function f,: [a,b] - R

can be expressed as an a-fractional power series, i.e., f,(x*) = Z;‘;Oﬁ(x — x,)*% on some open interval containing

Xo, then we say that f, (x%) is a-fractional analytic at x,. Furthermore, if f,: [a, b] = R is continuous on closed interval
[a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional analytic function
on [a, b].

Next, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([23]): Let 0 < @ <1, and x, be a real number. If f,(x%) and g,(x%*) are two a-fractional analytic
functions defined on an interval containing x; ,

a

fox®) = o s (2 = %)™, 5)
9a(x™) = Eiico pots (0 = x)™ 6)
Then we define
fa(x)®q ga(x®)
Page | 80

Novelty Journals



http://www.noveltyjournals.com/

0% ISSN 2394-9678

International Journal of Novel Research in Electrical and Mechanical Engineering
Vol. 10, Issue 1, pp: (79-84), Month: September 2022 - August 2023, Available at: www.noveltyjournals.com

N o 1) an _ na [ bn _ na
_anol‘(na+1) (x = x0)™ Bq Z"=°r(na+1) (x — xo)

Zn 0 [‘(na+1) ( 11;1:0 (::l) an—mbm) (x - xo)na_ (7)
Equivalently,
fa(X*)® 4 ga(x®)
a Qqn Qqn
= Xn=o nn (F(a+1) (= xO)a) ®a Ln=o (F(a+1)( — %0)* )
= 550 2 (hmo (1) tnembin) (s e = 20)7) (8)

Definition 2.5 ([24]): If 0 < a < 1, and x is a real variable. The a-fractional exponential function is defined by

ni

@ woo xna _vew 1 1 « Rqn
Ea (X ) - Zn:O r'(na+1) - Zn:O n! (F(a+1) x ) ' (9)

On the other hand, the a-fractional cosine and sine function are defined as follows:

ay — Jo (~1kx2na (-)" 1 « Qg 2n
cosq(x*) = Yo F(2na+1) = Yn=o (Zn)' (F(Hl)x ) , (10)
and
Ly e CDM@MDE o cpn 1 g\ Ba @A)
Sing (%) = Zin=o r(En+Da+l) =m0 2nr1) (F(a+1)x ) : (11)

Definition 2.6 ([25]): Let0 < @ <1, and f,(x%), g, (x%) be two a-fractional analytic functions. Then (fa(x“))%" =

fa(xM)Qy +++ By fu(x%) is called the nth power of f,(x*). On the other hand, if f,(x*)®, g,(x%) =1, then g, (x%) is
called the ®,, reciprocal of £, (x%), and is denoted by (fa(x“))®“(_1).
Theorem 2.7 (integration by parts for fractional calculus) ([26]): Assume that 0 < @ < 1, a, b are real numbers, and
fa(x®), go.(x%) are a-fractional analytic functions, then
(olf) [fur)®a (29190 ] = [fu DB 90 G2, = () [0 (D] (12)
Definition 2.8 ([27]): The smallest positive real number T, such that E, (iT,) = 1, is called the period of E, (ix%).
I11. MAIN RESULTS AND EXAMPLES

In this section, we use integration by parts for fractional calculus to solve two types of fractional definite integrals of
fractional trigonometric functions. On the other hand, some examples are provided to illustrate our results. At first, we need
a lemma.

Lemma3.1: If 0 < a <1, p,q are real numbers, f,(x%) is a a-fractional analytic function, then

(oI S = (o) | fe (rearn P + 7earn 4~ 7 ©%)] (13)
Proof (plg) [fa (r(a1+1) P+ F(a1+1) F(a+1) xa)]
=~(517) [f“ (ﬁpa + F(a1+1) q“ - F(a1+1) xa) ®c (0D¥) [F(a1+1) pe+ I‘(a1+1) q“ - F(a1+1) xa]]
= ~(aly) [ fa )]
= (I fax] Qed.
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Theorem 3.2: Let 0 < a < 1, and m be any positive integer, then

a2 [ Gsnaeen®™| = ot e [ (cose )"

[Fa+1)le [Fa+1)le

-l Ta if miseven
(m—11 . . :
if misodd
ml!!
Proof LetD,, = oI* 1 [ (sina (x"‘))®“ m], then by integration by parts for fractional calculus,
[Fa+1)Te]*
. ®q (m—1
D, = Ola 1 (Slna(xa)) am )®a ( OD,?)[—COS“(X“)]
[r(a+1)Ze]®
ook
_q[r@rn=g)®
= [—cosa(x“)®a (sina(x“))®“ m 1)] Rt (m—
0
D] o 1 [(sina(x“))% (m_2)®a (cosa(x“))%z]
[r(a+1)Te]*
=m-1[ I* 1 [(sina(x“))®“(m_2)®a [1 - (sina(x“))®a 2”
[r(a+1)Te]®
=(m—1) Dy — (m—1) Dyy,. (15)
Thus,
-1
D, = ’"7 Dps. (16)
It follows that
— 2kl 28 50301,
Dok = = 5= 512 Do an
2k 2k—2 6 4 2
Dypsr = 5z oo =2 Dy (18)
And
a Tq
Do =1 ol 2 [ = (19)
[F(a+1)T2]*
Dy =| oI 1 | [sing(x¥)] =1. (20)
[F(a+1)Te]*
Therefore,
— 21 23 531 Te
Doy = 2k 2k-2 6 4 2 4 (1)
2k 2k-2 6 4 2
Dypss = st oo o= (22)
That is,
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m-D!I T . .
m-D Ta if m is even

Dm — mll 4 . (23)

(mm;:)” if m is odd

On the other hand, by Lemma 3.1, we obtain

ol® 1 [(sina(x“))%m]: ol 1 [(cosa(x“))®“m].

[+ Te]® [r(a+1)le]®
Hence, the desired results hold. Q.ed.

Example 3.3: Let 0 < @ < 1, then
ol 1 || (sing (x)) = Ta (24)
And

ol® 1 [(cosa(x“))®“ 7] =2 (25)

[P+ Te]® - o5
IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional calculus and a new multiplication of fractional analytic functions,
we study two types of fractional definite integrals of fractional trigonometric functions. Using integration by parts for
fractional calculus, we can obtain exact solutions of these two types of fractional definite integrals. On the other hand, our
results are generalizations of the traditional calculus results. In the future, we will continue to use Jumarie type of R-L
fractional calculus and the new multiplication of fractional analytic functions to solve the problems in fractional differential
equations and applied mathematics.
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